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Abstract 

We discuss a notion of large complex structure for elliptic K3 surfaces with section inspired by the eight- 
dimensional F-theory/heterotic duality in string theory. This concept is naturally associated with the Type 
II Mumford partial compactification of the moduli space of periods for these structures. The paper pro- 
vides an explicit Hodge-theoretic condition for the complex structure of an elliptic K3 surface with section 
to be large. We also establish certain geometric consequences of this large complex structure condition in 
terms of the Kodaira types of the singular fibers of the elliptic fibration. 

1 Introduction 

An elliptic K3 surface with section is a triple (X, tp, S) consisting of a K3 surface X, an elliptic fibration 
tp : X — > P 1 and a smooth rational curve S making a section of tp. The extra structure given by the elliptic 
fibration and section on X is equivalent to a pseudo-ample hyperbolic lattice polarization in the sense of 
Dolgachev 1 11 [ and one can use this property to construct a coarse moduli space for elliptic K3 surfaces with 
section. This space, which we shall denote here by A4k3, is a quasi-projective analytic variety of complex 
dimension eighteen. The properties of Mk3 have been extensively studied by means of the period map: 

per: M K 3 -» T\Sl. (1) 

which associates to a given triple (X : <p, S) the equivalence class of its polarized Hodge structure. Here Cl 
represents the classical domain of periods: 

{ [w] € P (L C) |ww = 0,wu>0} 

where L is the unimodular even lattice of signature (2,18) and T is the group of integral isometries of L 
acting on Cl in a natural way. A special case of the Global Torelli theorem for lattice polarized K3 surfaces 
(see 1 11 1) asserts that is an isomorphism of analytic spaces. 

The target space of the period map (QJ is connected but not compact. However, due to the nice arith- 
metic features of the period domain, there exists quite an array of methods at one's disposal for (partially) 
compactifying T\Cl. The simplest and most standard procedure is the Baily-Borel method |4| which exploits 
the natural holomorphic identification between CI and the hermitian symmetric space: 

0(2,18)/SO(2) x 0(18), 

in order to fully compactify T\Cl by adding a number of curves and points. However, the Baily-Borel 
construction does not capture the full geometric information encoded in the periods, a fact reflected in the 
high codimension of the Baily-Borel boundary components. We shall be concerned here with a different 
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compactification method, which realizes, to a certain extent, a blow-up of Baily-Borel's construction. This 
method is a special case of Mumford's toroidal compactification construction 1 1 1. The procedure, which was 
first applied in the K3 surface context by Friedman 1 12 1 1 13 [, constructs a smooth partial compactification 

r\n c T\n, (2) 

by, essentially, adding to the quotient space r\Q two Mumford boundary divisors T>\ and X>2 associated to 
the two distinct classes of Type II maximal rational parabolic subgroups of 0(2, 18). 

The Type II partial compactification (J5J, although purely arithmetic in nature, has an interesting geo- 
metric interpretation on the moduli space side. It corresponds to an enlargement 

M K 3 C A4 K 3 

obtained by allowing certain normal crossing degenerations of elliptic K'i surfaces with section, the Type II 
stable elliptic K3 surfaces with section (see section 3 of 1 6 [). The period map JTJ extends to an identification: 



per: M K3 -> T\Q (3) 

and allows one to regard the boundary points of T>\ and T>2 as periods for the singular surfaces. 

One of the essential ingredients of this compactification method is the existence of a large complex 
structure domain associated to each of the two boundary divisors. Let us postpone to section [3] a more 
detailed definition of these domains and give just a brief description here. Consider a Type II maximal 
parabolic subgroup of 0(2, 18) defined over the rationals and, denote by P its intersection with T. One has 
then a holomorphic non-normal covering projection with infinitely many sheets: 

71- : p\n -> r\o. 

Moreover, the total space of this map fibers holomorphically as in the diagram below, over the appropriate 
Mumford boundary component T>, with all fibers being isomorphic to complex open punctured discs. 

o — ». p\n — r\n (4) 

a 

v 

One can select then in £1 a subset with special properties. 

Theorem 1.1. There exists an open subset V C such that: V is left invariant by the action of P, the image of V 
under the natural projection to P\Q intersects each fiber of a over an open neighborhood of the puncture and, the T 
equivalence reduces to P-equivalence on V. 

In the context of the above theorem, the restriction: 

7T| PXV : p\v -> r\n (5) 

is an isomorphism onto its range 

W:=tt(P\V). (6) 

The inverse map of © provides then the essential gluing map which allows one to smoothly fit the bound- 
ary component T> together with r\0. Moreover, one obtains a natural holomorphic fibration of U over the 
boundary divisor T>, whose fibers are copies of C* . The open subset U is the large complex structure do- 
main associated to T>. The inverse image of U under the period map determines an open region of A^K3 
which is said to correspond to elliptic K3 surfaces with large complex structure. 

The statement in Theorem ll . ll represents a special case of a general reduction theorem of Ash-Mumford- 
Rapoport-Tai proved in chapter 5 of |1|. However, the method of proof in 1 1 1 does not yield an explicit 
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description of the open subset U. It is therefore not an easy task to decide whether a given period line [u>\ 
corresponds to an elliptic K3 surface with section of large complex structure or not. The goal of this paper is 
to introduce a simple, easy-to-test condition on the period lines in leading to an open subset V C £1 which 
satisfies all requirements of Theorem ll.il This, in addition to giving an alternative proof for Theorem ll.il 
provides an effective Hodge-theoretic method of testing whether a given elliptic K3 surface with section 
has large complex structure. 

Let us close this introductory section by also mentioning the string theory motivation underlying this 
work. This shall also serve as an explanation for the "large complex structure" terminology used for the 
subsets of ©. 

Following the works of Vaf a 1 30 1 and Sen 1 28 1 in 1996, it was noted that the geometry underlying elliptic 
Ki surfaces with section is related to the geometry of elliptic curves endowed with certain flat principal G- 
bundles. This non-trivial connection appears in string theory as the eight-dimensional manifestation of the 
phenomenon called F- theory /heterotic string duality. Over the past ten years the correspondence has been 
analyzed extensively (|6| |8| |9| |10| |15| |22| |23|) from a purely mathematical point of view. As it turns 
out, it leads to a beautiful geometric picture which links together moduli spaces for these two seemingly 
distinct types of geometrical objects: elliptic K3 surfaces with section and flat bundles over elliptic curves. 

In a brief description, what happens is the following. Let G be one of the following two Lie groups: 

(E s x E s ) x Z 2 Spin(32)/Z 2 . (7) 

As argued in [14 [, one can define a moduli space M. e.g of equivalence classes of flat G-bundles over elliptic 
curves as a quasi-projective analytic space of complex dimension seventeen. There exists then a holomor- 
phic isomorphism between M.e,g and one of the boundary divisors T>i introduced in the previous Type II 
partial compactification of T\fl. Moreover, under this correspondence, the total space P\f2 of the fibration a 
in diagram (|4j can be holomorphically identified with the moduli space .Mhet of classical vacua in heterotic 
string theory 1 . 

The prediction made by the string duality is then that, although the two spaces .Mk3 and .Mhct are not 
globally identical, there should exist open regions in each of them, neighboring boundary divisors at infinity 
(regions that correspond, in physics language, to large levels of energy), that are analytically isomorphic. 
On the heterotic side, high energy levels appear when the two-torus has large volume and therefore, such a 
region has to be a tubular neighborhood of the punctures in the fibration a of diagram On the F-theory 
side, the appropriate region is not a priori obvious and, by convention, is said to correspond to elliptic K3 
surfaces with section of large complex structure. 

Comparing the above paragraph with the arguments leading to the construction of the open subset U 
in @l, we note that the statement of Theorem II . 1 1 precisely captures the feature predicted by the duality. 
Hence, one is naturally led to characterize the complex structures associated to elliptic K3 surfaces with 
section in the open region 

U c r\n 

as large 2 . 

The paper is organized as follows. In sections and |3| we collect the basic facts needed to construct 
the period map and the Type II partial compactification of T\f2. We introduce our Hodge-theoretic large 
complex structure condition in section[U In section[5] we show that the domain V defined by this condition 
satisfies the properties required by Theorem 11.11 Finally, in section [6] we discuss some geometric conse- 
quences of the large complex structure condition, in terms of what types of singular fibers can appear in the 
elliptic fibration associated to a large structure K3 surface. 

The authors would like to thank John Morgan for helpful discussions throughout the evolution of this 
project. 

1 vMhet represents the moduli space of equivalence classes of pairs of flat G-bundles and complexified Kahler classes over elliptic 
curves. We refer the interested reader to ] 6 1 and 7 1 for more details regarding this space. 

2 This notion of large complex structure differs from the similarly-named condition arising in the context of Type IIA/IIB string 
duality (mirror symmetry) for K3 surfaces 1161 1211 . 
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2 Preliminaries 



A K3 surface X is a non-singular, simply-connected complex surface with trivial canonical bundle. It is a 
well-known fact (see, for example, |3|) that any two surfaces with these properties are diffeomorphic. The 
cohomology group H 2 (X, Z) is torsion free of rank 22 and, when endowed with the pairing (•, •) induced 
by the intersection form, it becomes an even unimodular lattice of signature (3, 19). There exists a unique 
lattice with these features. This lattice can be constructed independent of geometry by taking the orthogonal 
direct sum of the following irreducible factors: 

H®H®H@E S ®E S (8) 

where H represents the rank-two hyperbolic lattice and Eg is the unique negative-definite even and uni- 
modular lattice of rank eight. 

The cohomology classes dual to algebraic cycles of X span a special sublattice NS(X) of H 2 (X : X), 
called the Neron-Severi lattice. As a group, NS(X) is isomorphic to the Picard group of X, that is the 
group of algebraic equivalence classes of holomorphic line bundles over X. The rank the Neron-Severi 
lattice, denoted by px varies between and 20. By the Hodge index theorem, the signature of NS(X) is 
(l,Px — 1). A generic K3 surface has rank px = and hence, is not projective. 

Our objects of interest are elliptically fibered K3 surfaces with section. These are triples (X, cp, S) 
consisting of a K3 surface X, a proper analytic map ip : X i— » P 1 whose general fibers are smooth elliptic 
curves, and a smooth rational curve S on X which makes a section in the elliptic fibration. Two elliptically 
fibered K'i surfaces with section (X, tp, S) and (X' , ip', S') are said to be equivalent if there exists an analytic 
isomorphism a:lnl' with a(S) = S", inducing commutativity in the following diagram. 

(9) 




Given a triple (X, ip, S) as above, one has two special classes /, s e NS(X) associated to the elliptic fiber 
and section. These classes are independent and span a sublattice of rank two: 

n {VtS ) c ns(x). (io) 

In particular, px > 2. The intersection form on Ti( v _s) with respect to the basis {/, s} is 



1 

1 -2 



(11) 



and therefore T~L(p, s ) is isometric to the standard rank-two hyperbolic lattice H. One has then a splitting of 
the Neron-Severi lattice of X as an orthogonal direct sum: 

NS(JQ = H (Vl s) © Wx (12) 
where Wx is negative-definite and of rank px — 2. 

Proposition 2.1. The sublattice T-Li Vf s) C NS(X) totally determines the elliptic fibration with section (ip, S) on X. 
Proof. Let us assume that there exists a second elliptic structure with section (ip', S') on X such that: 

7~L(tp,S) = ^(<p\S')- (13) 

Since the lattice (1131) is isometric to H, it contains only two classes of self -intersection —2. These two classes 
are s and — s. By the Riemann-Roch theorem, only s is effective. It follows that the two sections S and S' 
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represent the same —2 class and, since they are both irreducible curves it follows that S = S'. Next, we note 
that there exist only two isotropic elements in (1131 ) which have intersection 1 with s. These classes are / 
and — / — s. The second one cannot be effective and therefore, it must be that the two elliptic pencils tp and 
tp' represent the same isotropic class /. Since the generic element in each of them is a smooth irreducible 
curve, it follows that tp = tp'. □ 

It is not true that all embeddings of H in NS(X) are induced by an elliptic structure with section (tp, S) on X. 
However, this statement becomes true if one requires that the embedded lattice contains a pseudo-ample 
class. 

Definition 2.2. A class d e NS(X) is called pseudo-ample if it represents an effective divisor on D which is nef 
(has non-negative intersection with any effective class) and has positive self-intersection. 

The above terminology is closely related to the classical notion of ampleness. Given a pseudo-ample class 
on X and D an effective divisor representing d, a result of Mayer |19| asserts that the linear system \nD\ is 
base point free for n > 3 and the associated map: 

i/i lnDl :X^F N 

is a birational morphism. Moreover, the image of V'lnDl is the normal model of X obtained by contracting 
all curves not met by D which are rational double point configurations. 

Theorem 2.3. Let H c NS(X) be a sublattice isometric to H. There exists an elliptic structure with section (tp, S) 
on X such that: 

if and only ifH contains a pseudo-ample class. 

Proof. Let us first check that the above condition is necessary Given an elliptic structure with section (tp, S), 
one has the special classes /.se TL( v s)- The set of effective classes on X is then the semi-group generated 
by /, the irreducible components of the singular fibers, and the possible (multi)-sections. It is then a simple 
verification to check that the class d = 2/ + s is numerically effective and has positive self -intersection. It 
follows that d is pseudo-ample. 

In order to prove the opposite implication, we employ the following strategy. Assume that Ti is a 
sublattice of NS(X) which is isometric to H and contains a pseudo-ample class d. Denote by Tx the group 
of isometries of H 2 (X, Z) whose C-linear extensions preserve the Hodge filtration of X. We shall construct 
an elliptic fibration with section (tp, Co) such that: 

U = (3 (H iVtCo) ) (14) 

for some j3 £ Tx ■ Then, by using standard arguments from the Strong Torelli Theorem for K3 surfaces, we 
argue that (3 is induced by an analytic automorphism of X. 

First, note that we can assume that d has self -intersection 2. There exist then two distinct classes in TL of 
self -intersection —2. They differ by a change in sign. By the Riemann-Roch theorem, one and only one of 
these two classes is effective. Denote this class by s. Next, let / be the unique isotropic element of Ti such 
that d = 2/ + s. By a result of Pjateckii-Sapiro and Safarevic (see chapter 3 of |27|), there exists an isometry 
Pi of H 2 (X, Z) such that (3i(f) is the class of a smooth elliptic curve F inducing an elliptic pencil 

tp: X -> P 1 . 

Moreover, the isometry j3\ is a composition of reflections associated to effective —2 classes in NS(X), and 
therefore f3 2 G T x ■ 
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We construct a section for the elliptic pencil <p. The Riemann-Roch theorem combined with the fact that 

[F]>fa(a) = l, 

implies that (3i(s) is an effective class. Therefore fa(s) can be associated to a formal sum of irreducible 
curves: 

C = n ^ n i ^ L 

i 

But d ■ F > and C ■ F = 1 . Hence, among the irreducible curves d there exists a unique one, say, denoted 
by Co, such that its intersection pairing with F is not zero. We see that F ■ Co = 1, no = 1, and F ■ C\ = for 
i 7^ 0. The restriction of the elliptic pencil tp to Co then defines a degree one map Co — > P 1 and, from this 
we conclude that Co is a smooth rational curve. We have therefore a elliptic fibration with section (ip, Co) 
onl. 

Let then H' := /?i (7Y). The lattice W is spanned by [F] and [C] and induces an orthogonal direct sum 
decomposition: 

Nspo = n' e w. 

In this decomposition, one can write: 



[Co] = -%^W[C] 



for some fixed w G W. Define then: 



fa (a[F] + b[C] +w) = [a- 6 ^°'^ - (w, Wo ) ) [F] + b[C] + & Wo + w. 



One can see that fa is an isometry of NS (X ) satisfying fa ( [F] ) = [F] and /? 2 ( [C] ) = [Co] . Moreover, fa is the 
restriction of an isometry in Fx which, by an abuse of notation, we shall also name fa. 
Let then 

(3 = (fa op,)- 1 . 

Since /3([Co]) = s and (3{[F]) = f, we find that (|14|) holds. We recall then the following result of Pjateckii- 
Sapiro and Safarevic (Theorem 1 in chapter 6 of |27|): 

Theorem 2.4. (Pjateckii-Sapiro, Safarevic) One has a decomposition: 

T x = Tf ■ W(X) ■ {±id} 

where is the subgroup of effective isometries 3 of Tx and W(X) is the subgroup generated by reflections with 
respect to effective —2 classes in NS(X). 

One can write then 

P=faofaofa 

with fa G Ff, fa G W(X) and fa = ±id. Since P(2[F] + [C ]) = 2/+ s = d, we deduce that /3 preserves the 
positive cone of X. By definition, so do /?i and /?2- It follows therefore that fa = id. 

Denote by C x the Kahler cone of X and let C x be its closure inside the positive cone. Since d and 
2[F] + [Co] are pseudo-ample classes, they both belong to C x . Therefore, /3 sends an element of C x to 
another element of C x ■ 

Recall then the following standard facts (|3|, |27[). Isometries in T x preserve the Kahler cone (Propo- 
sition 3.10 in chapter VIII of |3[) and therefore they preserve C x . On the other hand, C x is a fundamental 

3 By definition, an isometry 7 £ Tx is effective if it preserves the set of effective classes of X. 
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domain for the action of W(X), in the sense that any W(X)-orbit meets C x in exactly one point (Proposition 
3.9 in chapter VIII of 0). 

The last two paragraphs imply then that /?2 = id and therefore (3 G F^. But then, by the Strong Torelli 
Theorem for K3 surfaces (see Theorem 11.1 in chapter VIII of |3| or the similar results in |27[ and |18[), there 
exists an analytic automorphism a G Aut(A) such that (3 = a* . It follows then that (<p o a, a -1 (Co)) is an 
elliptic fibration with section on X and: 

'H( {poa ,a- l (c )) = ol* (H(<p,c )) = "H-- 

□ 



In 1 11 1, Dolgachev has introduced the notion of pseudo-ample lattice polarization of a K3 surface X. Given 
an even lattice M of signature (l,t),t < px — 1, which can be embedded in the K3 lattice, a pseudo-ample 
M-polarization of X is a lattice embedding 

i:M^> NS(A) 

whose image contains a pseudo-ample class. In this context, if H is the standard rank-two hyperbolic lattice 
, Theorem l2.3l shows that there exists a bijective correspondence 

J elliptic fibrations I ^ ^ J pseudo-ample 

I with section on X J \ H-polarizations of X 

Moreover, under the above correspondence the equivalence relation on elliptic fibrations with section de- 
fined in © translates precisely to Dolgachev's notion of equivalence for lattice polarizations. This leads to 
a canonical bijective correspondence between the equivalence classes of the two structures. One can there- 
fore obtain a moduli space for triples (X, cp, S) by constructing a moduli space for pairs (X, H) consisting 
of a K3 surface X and a pseudo-ample H-polarization Ti. 

The construction of such a moduli space of lattice polarizations has been done in 1 11 1. We shall present 
just the main features. 

Given a triple (X, ip, S), the orthogonal complement: 

{H {v ,s)) X C H 2 (X,Z) (16) 

is an even, unimodular lattice of signature (2, 18), and therefore, by standard lattice theory, it is isometric 
to: 

L = H©H©E 8 ©E 8 . (17) 

An isometry between (1161) and <|17() is called a marking. If two elliptic K3 surfaces with section (X, (p, S) 
and (X' , ip' , S') are given markings q and q', an analytic isomorphism a: X — > X' preserving the elliptic 
fibrations and sections is said to be compatible with the markings if the induced isometry a* between 

(^V.S')) and satisfies q' = qo (a*)- 1 . 

One defines then the H-polarized period domain: 

n = { [u] SP^LOC) | (u,u) =0, (oj,u>) >0}. (18) 

Every equivalence class of a marked elliptic K3 surface with section (X, tp, S, q) determines uniquely a 
period line 

[w] = q (H°' 2 (X)) G O. (19) 

This period correspondence can be seen naturally as an analytic morphism. Indeed, there exists a fine 
moduli space A4^| rkod for marked elliptic K3 surfaces with section. A / J I ^| rkod is an analytic space of complex 
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dimension 18 and it is constructed, along the lines of |2| and \ 27\, by gluing together local moduli spaces of 
marked elliptic K3 surfaces with section. A lattice polarized version of the Global Torelli Theorem (|5|, |27| 
1 29 1) then asserts that the period correspondence: 

^marked ^ ( 2Q ) 

defined by l|19|) is a surjective morphism of analytic spaces. 

This picture can be further refined by removing the markings. The discrete group T of integral isometries 
of L acts on ft as well as on A^Kf rkcd and the morphism (I20|l is equivariant with respect to the two actions. 
The quotient space: 

Mks ■= r\7W^ rkcd 

is a coarse moduli space for K3 surfaces with pseudo-ample H-polarizations (see remark 3.4 of 1111 1. Then, 
by taking into account Theorem l2.31 one can show that A4k3 can be seen as a coarse moduli space for elliptic 
K3 surfaces with section. The induced period map: 

per: M K 3 -> r\fi 

is an isomorphism of analytic spaces. 

The quotient r\Q is a connected space. To see the this, note that Q is an open subset of an 18-dimensional 
complex quadric and consists of two connected components interchanged by complex conjugation. But, 
the discrete group V acts transitively on the set of these two connected components and hence the quotient 
space is connected. 

The space T\f2 is, however, not compact. There are nonetheless methods available to compactify this 
space (and hence the moduli space M.kz), due to the fact that T\fl can be identified with an Hermitian 
symmetric space factored by the action of an arithmetic group. Indeed, the real Lie group 0(2, 18) of real 
isometries of L <g> R acts transitively on Q. The action leads to an identification: 

(I = 0(2, 18)/SO(2) x 0(18). (21) 

The discrete group T has an obvious action on the right term above, and the correspondence (I21|) becomes 
T-invariant. Therefore the above identification can be pushed to the level of quotients, where one obtains: 

T\0 = r\0(2,18)/SO(2) X 0(18). (22) 

In this context, a special case of Mumford's toroidal compactification [1J allows one to enlarge V\Q by 
adding boundary components associated to maximal rational parabolic subgroups of Type II in 0(2, 18). 
These groups are, essentially, subgroups of isometries stabilizing a given rank-two primitive and isotropic 
sublattice V C L. 



3 Review of the Type II Partial Compactification 

One performs the Type II partial compactification of T\Q by adding two specific boundary divisors. Let us 
give here a brief account of the procedure. For a detailed presentation we refer the reader to section 3 of 1 6 1 
as well as to [12J (for a closely related case). 

As mentioned at the end of the previous section, the procedure we are about to describe is centered 
around rational Type II parabolic subgroups of 0(2, 18) which, in turn, are defined as stabilizer groups for 
rank- two primitive and isotropic sublattices V of L. By classical lattice theory |26|, there are two distinct 
types of sublattices with these features. Let I2(L) be the set of all possible such sublattices. The group T 
acts on I2(L) and the action generates two distinct orbits. One can differentiate between these two orbits 
by analyzing the isomorphism class of the induced quotient lattice V /V. This lattice is always negative- 
definite, even, unimodular and of rank 16. There are only two non-equivalent lattices with these features. 
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One is E§ Eg, the orthogonal direct sum of two copies of the unique negative definite, unimodular and 
even lattice of rank 8. The other is the Barnes- Wall lattice D+ 6 . 

Let us then outline the compactification construction. As a first step, pick one of the connected compo- 
nents of £1 and denote it by fi + . One has then a natural identification: 

r\n = r+\n+ (23) 

where Y + is the index- two subgroup of T corresponding to isometries preserving Select then a sublat- 
tice V with the properties described above. As the next step, the technical ingredient required by Mumford's 
method is a primitive integral and nilpotent element N in the Lie algebra of 0(2. 18) such that Im(N) = V. 
At this point in the general construction of [1 1, one has to make a choice of such N. However, in the present 
situation, the choice is canonical. An endomorphism N with above characteristics is unique, up to a sign 
change. Moreover, given such an N, for any [ui] G fl, the quantity i(Nu>, Q) is real and non-zero. This quan- 
tity is positive on one connected component of il and negative on the other. We can then canonically select 
N such that i{Nw, u>) > for [w] in fi+. 
We next introduce the following group: 

U(N) C = { exp(zN) | z G C }. 

This group is by definition isomorphic to (C, +) and acts naturally on the compact quadric: 

il v = { [u] G P 1 (L ® C) I (w, u) = } 

in which £1 embeds as an open subset. Denote by U(N)z its subgroup corresponding to z G Z and set: 

n+(v) = u(N) c -n + . 

This allows one to construct the following projection: 

U(N) z \n+(V) -> U(N) c \n+(V). (24) 

It can be easily verified that (|24jl is a holomorphic principal bundle with structure group T = U(N)z\U(N)c 
and that U(N)z\il + embeds as an open subset of the total space U(N)z\il + (V). 

Let then P C Y be the parabolic subgroup associated to V, that is, the subgroup of isometries stabilizing 
V. Denote P + = P n Y + . One checks that U(N)z < P + . Moreover, the discrete group P + acts on both the 
base space and total space of the principal bundle (|24[) and the action is compatible with both the projection, 
and the action of the structure group T on the total space U(N)z\Sl + (V). Therefore, (|24Jl descends to a 
holomorphic principal bundle 4 of structure group T: 

a v : P+\n+(V) P+\ (U(N) c \n+(V)) . (25) 

For simplicity, we shall denote the base space of l|25|) by V(V). This is the Mumford boundary component 
associated to V that one makes use of in order to partially compactify T + \fi + . 

Mumford's toroidal compactification idea applies here in the following form. Since the group T is 
naturally identified with C* by the exponential map, one can make this group act on a copy of the complex 
plane C in the standard way. This action is then used to construct the associated fibration with lines: 

P+\n+(^) := P + \0 + (y) x T C , (26) 

a procedure that has the effect of adding to the total space of l|25|) a divisor corresponding to the compacti- 
fication of C* to C in each fiber. With this construction in place, one defines: 

Y+\fl+ := interior of the closure of P+\fi+ in P+\ft+(V). (27) 

4 Strictly speaking, the fibration 1251 is not a principal bundle, as it is not locally trivial and the group T does not act freely on certain 
fibers. A more rigorous description here would be that 1251 is a holomorphic Seifert T-fibration. 
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Set-theoretically, 

p+\o+ = p+\n+ \_\ d(v) 

and therefore we have just performed a holomorphic gluing of the boundary component 2?(V) to P + \f2 + . 

The last step in the procedure is the attaching of 2?(V) to r + \f2 + . The key ingredient here, as mentioned 
in the introduction, is the existence of a large complex structure period domain. That is, there exists an open 
subset: 

V+ c fl + (28) 

that satisfies the following properties: 

(a) V + is invariant under the action of P + , 

(b) the restriction of U(N)z\V + to any given fiber of l|24Jl is an open neighborhood of the cusp, 

(c) on V + , the equivalence under the action of T + reduces to P + -equivalence. 

If these three conditions are satisfied then the non-normal covering projection n : P + \Q + — > r+\S! + , when 
restricted to P + \V + induces a holomorphic isomorphism between P + \V + and its image. The following 
commutative diagram: 

p+\v+ < >~ p+\n+ — ^ p+\FF (29) 



7r(p+\v+) c — »- r+\n+ 

allows one to use (the inverse of) this isomorphism as gluing map, thus attaching V(V) holomorphically 
ontor+\fi+. 
The open set 

U = n{P + \V + ), 
is the large complex structure domain associated to 2?(V). 

Remark 3.1. Note that the subset U, as well as the gluing map, depends only on the T-orbit of V in l2(L). If one 
repeats the above procedure starting with a different sublattice V = 7(F) for 7 e T the construction produces the 
same partial compactification. However, isotropic sublattices V and V inequivalent under T lead to distinct large 
complex structure regions and different compactifi cations. 

Finally, the Type II partial compactification T\tt is the space obtained after gluing onto T\0 the two bound- 
ary components T>\ and T>2 associated to the two T-orbits of I2(V). It follows that T\Q is a quasi-projective 
analytic space of complex dimension eighteen. It contains T\f2 as a Zariski open subset. The complement 

T\U \ r\n 

is the disjoint union of two irreducible divisors. Each of the two divisors T>\, T> 2 is a quotient of a smooth 
space by a finite group action. We refer the reader to 1 1 1 for proofs of these statements. 

4 A Large Complex Structure Condition 

The main goal of this paper is to introduce an effective Hodge-theoretic condition for an elliptic K3 surface 
with section to have large complex structure. In other words, we wish to construct explicitly a large complex 
structure period region V + as in (|28|l leading to a large complex structure domain U = it (P + \V). 

Let (X, ip, S) be an elliptically fibered K3 surface with section. Assume that V is a rank-two primitive 
and isotropic sublattice of 

Vc (Hx) 1 c H 2 (X,Z). 
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We shall attach to such a quadruple, (X, ip, S, V), two Hodge-theoretic quantities denoted (by abuse of 
notation) t(X, V) and U2(X, V). The first quantity is a complex number with positive imaginary part. The 
second one is a positive real number. 

Consider oj e H 2 (X, C) to be a class representing a holomorphic two-form on X. The class u> is unique 
up to a scaling by a non-zero complex number. Moreover, since the lattice Hx is spanned by classes repre- 
senting algebraic cycles, uo belongs to 

(« X ) X ®C. (30) 

The intersection form on the real version of (|30|) has signature (2, 18), and hence (see also Lemma l5.lt . 
(u},y) ^ for any y 6 V . We select then an oriented basis {yi , y 2 } in V such that the R-linear map: 

(lu,-):V®M^C (31) 

is orientation preserving. We then define: 

r(X,V) := j^. (32) 

fay*) 

The quantity t(X, V) is a well-defined complex number which does not change when one scales the class 
ui. Due to the orientation preserving assumption in (|31(l . its imaginary part t%(X, V) is positive. Moreover, 
if one modifies the oriented basis {y±, y 2 } on V, t(X, V) varies under the usual SL(2, Z)-action on the upper 
half-plane H. 

The second parameter mentioned earlier is introduced in the following form: 

MX,V) := - ( ^ } (33) 

Lemma 4.1. The term U2{X, V) is a positive real number and is independent of the choice ofuj. Moreover u 2 (X, V) 
remains unchanged when one modifies the oriented basis {y±, y%}. 

Proof. The first assertion is straightforward. To check the second assertion, note that if one changes the 
oriented basis in V by way of an SL(2, Z) matrix 

a b 



c 



d 



then this change induces the following variations: 

Im [t(X, V)} 



Im[r(X,V)] 



\ct{X, V) + d\ 2 

\{uo lV2 )\ 2 ~ \cT(X,V) + d\ 2 -\(u;,y 2 )\ 2 . 
The denominator of the right side of (|53*|) remains invariant. □ 



Finally, we introduce the following auxiliary function: 

p: H -> (0,oo) 

p(r) = sup meSL(2 z) Im (m • r) . 

The function p(r) is well-defined and clearly invariant under the SL(2,Z) action. An alternative way of 
defining p(r) is as the imaginary part of the unique representative of the SL(2, Z) orbit of r in the standard 
fundamental domain of H with respect to the SL(2, Z) action. This formulation shows, in particular, that 

p(r) > V3/2. 
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Definition 4.2. An elliptic K3 surface with section (X, p, S) is said to have large complex structure with respect 
to V if: 

u 2 {X, V) > max ( p(r(X, V)), A ^ . (34) 

In order to connect this definition with the discussion in section^ note that r(X, V) and Ui{X, V) can be 
seen as C°° functions on il (r is in fact analytic). One defines then the open subset V C il of period lines 
satisfying condition 1341) . This set decomposes as a disjoint union: 

V = V+ U V" (35) 

where V + = V n fi + and V~ is the complex conjugate of V + . We claim then that V + satisfies the features 
described in (|28|l . Namely: 

Theorem 4.3. T/ie open subset V + satisfies the following: 

(a) V + is left invariant by the action of P + , 

(b) U(N)z\V + is an open subset of the total space of the holomorphic principal T -bundle: 

u(N) z \n+(v) -> u(N) c \n + (vo 

defined in l|24l) and ifs intersection with every fiber of the bundle is an open neighborhood of the cusp, 

(c) for any two [cji], [w 2 ] € V + and 7 e T + such that 7([wi]) = [wa]/ o«e /zas f/zaf 7 e P+. 

The proof of Theorem l4.3l is presented in the next section. 

We finish this section by formulating an extension of the large complex structure definition which is 
independent of V. Recall from section [3] that the set of primitive and isotropic rank-two sublattices in 
(Tlx)' 1 is acted upon by the discrete group T of isometries and that this action has two distinct orbits, 
essentially related to the two possible rank 16 negative definite even and unimodular lattices E s © E s and 
D± 6 . As a consequence of Theorem l4.31 one has that, given an elliptic K3 surface with section (X, ip, S) and 
two distinct isotropic lattices V and V' which belong to the same T-orbit, (X, ip, S) can be of large complex 
structure with respect to at most one of V and V. This allows us to formulate: 

Definition 4.4. An elliptic K3 surface with section X is said to have large complex structure in the Eg © Es 
(or D^ 6 ) sense if there exists a primitive isotropic rank-two lattice V in the appropriate T-orbit such that X has 
large complex structure with respect to V. 

5 Proof of Theorem 

As a first step, in order to gain a better understanding of the partial compactification outlined in section 
|3J we introduce special coordinates on fi + . We are going to use two distinct, but closely related, sets of 
parameterizations. The first parametrization is holomorphic and represents the standard tube domain re- 
alization of Q + (see, for example, ITTI V The second coordinate system is a (non-holomorphic) perturbation 
of the tube domain coordinates and presents £1 + as a Siegel domain of the third kind. We shall refer to the 
latter coordinates as the Narain parametrization, as the description defined by them is related to a string 
theory construction of Narain 1231. 

5.1 Narain Coordinates 

As before, we start with a fixed choice of a rank-two sublattice V of L which is primitive and isotropic. For 
any ui representing a class in CI, the homomorphism: 

(u, ■) : V ® E -»■ C (36) 

is an isomorphism of real vector spaces. This fact follows immediately from the following lemma. 
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Lemma 5.1. Let v £ L be a non-zero element satisfying (v, v) = 0. Then (uj, v) ^ Ofor any [uj] e il. 

Proof. Assume that (uj, v) = for some [uj] € Q. Denote by Q the plane in L <g> M spanned by the real 
and imaginary parts of uj. Then Q is positive definite with respect to (•, •) and since v is not zero, v ^ Q. 
Then v and Q span a three-dimensional subspace of L <g> M on which the pairing (•, •) is non-negative. This 
contradicts the fact that the signature of L is (2, 18). □ 

The above observation provides another effective method of differentiating between the two connected 
components of il. If an orientation is chosen on V ® R, then the map (J36I) is either orientation preserving or 
orientation reversing, depending on the component in which [uj] lies. 

For the purpose of streamlining future computations we shall fix at this point an orientation on V®1 
such that (1361) is orientation reversing for any uj representing a class in f2 + . We make then the first step 
toward parameterizing Q, + by selecting a set {x±, x 2 , J/i, y 2 } of four linearly independent isotropic elements 
of L such that: 

• {yii 2/2} forms an oriented basis in V 

• (2:1,2:2) = (xi,y 2 ) = (x 2 ,yi) = 

• (xi,yi) = (2:2,2/2) = 1. 

It is clear that collections with the above features do exist. Such a collection is nothing but an embedding of 
an orthogonal direct sum H © H into L in a way such the image contains V. 

Denote then by A the orthogonal complement in L of the sublattice generated by X2,yi and y%. It 
follows that A is of rank 16 and is unimodular and negative definite. Moreover, this construction induces a 
decomposition of L as a direct sum: 

L = (Zx l ®Zx 2 ) © (Z yi ®Zy 2 ) © A. (37) 

This allows us to identify an element of L as: 

(oi,oa)(6i,62)(c) (38) 

where a±, a 2 , bi,b 2 are integers, c e A and the parameters ai,a 2 ,bi,b 2 ,c are uniquely determined. In this 
setting, the pairing (•, •) is recovered as: 

{(a 1 ,a 2 )(b 1 ,b 2 )(c), {a l 1 ,a' 2 ){b l 1 ,b l 2 ){c')) = ai b[ + a 2 b' 2 + b ia [ + b 2 a 2 + (c, c') (39) 

where (•, •) is the negative-definite pairing on A. 

Remark 5.2. Note that the projection on the third term in 1371) induces a natural isometry: 

V-L/V ~ A. 

Let then [uj] be an element of Using Lemma |5. II one can always pick a normalized representative u> 
such that (uj, y 2 ) = 1. Then, under the identification (1371) , one can write: 

uj = (t,1)(u,w)(z) (40) 

where t,u,v £ C*, z E Ac- The first Hodge-Riemann condition (uj, uj) = becomes: 

2 (tu + w) + (z, z) = 

and therefore: 

w = -tu-^jI. (41) 
After substituting w in 1|40J| . the second Hodge -Riemann condition (uj,uj) > can be written as: 

2t 2 u 2 + (z 2 , z 2 ) > (42) 
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where the subscript 2 indicates that one takes the imaginary part. But [to] 6 £1 + and, because of the conven- 
tion assuming that 1361) reverses orientations, we obtain that t 2 > 0. Inequality (|42|l implies then: 

u 2 > > 0. (43) 

It follows that: 

Proposition 5.3. (Tube Domain Realization) One has an analytic isomorphism: 

n + -=+ { (t, u, z) £ H x H x A c I 2t 2 u 2 + (z 2 , z 2 ) > } (44) 



where H denotes the complex upper half-plane and Ac = A ® C. T/ie inverse of (|44jl maps a coordinate triple (r, u, z) 
to a period line [to] with: 

to = ( r ,i)(«,-™-^W (45) 



The Narain parametrization perturbs slightly the second tube domain coordinate above. Indeed, under the 
same assumptions as before, let: 

5 : = (46) 
2r 2 

The inequality (143)) assures us that ieB and it follows that: 
Proposition 5.4. (Narain Coordinates) One has a C°° isomorphism: 

fi+ -=+ H x HI x Ac (47) 



which associates to a period line [to] the triple (t, u, z). The inverse of (l47|) maps a coordinate triple (t, u, z) to a period 
line [uj] with: 

( ( Z ' Z 2) ~ | T(Z,Z 2 ) (Z,Z) \ 

Note at this point that, for both parameterizations described above, the projection on the first and third 
coordinates: 

n+ -> HxA c , [oj]^>(t,z) (48) 
is holomorphic. This map is nothing but the restriction to ft + of the projection: 

fi+(V) ^ U(N) c \r! + (V) (49) 

from section|3 Indeed, the integral nilpotent endomorphism N used in the construction of section[3]can be 
written here explicitly as: 

N:L^L, N(7) = ( 7> ifc)l/i-<7,»i>«2 (50) 
and, using the coordinates of l(38l) . it can be described as: 

N((a 1 ,a 2 )(b 1 ,b 2 )(c)) = (0,0)(a3,-oi)(Q). 

The group U (N)c acts then on a period line [to] associated to (|45|) as follows: 



exp(wN) • [u] 



(r, l)[u + w, -t(u + w)- ) (z) 



(51) 



Hence, in the framework of tube domain parametrization (as well as in Narain parametrization) the action 
of J/(N)c has the effect of a translation in the second coordinate. 

We also note that the two quantities t(X, V) and u 2 (X, V) used in the definition of the large complex 
structure condition of section|4]are the first Narain coordinate and the imaginary part of the second Narain 
coordinate, respectively, of the corresponding period line in The Narain coordinate description of the 
large complex structure domain is then: 



| (t, u, z)en+\u 2 > max (p(r), j 
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5.2 The Action of the Parabolic Group P + 

Next, we use the framework constructed by the Narain coordinates to explicitly describe the action of the 
parabolic group P + on the period domain Note that, under decomposition (|37(> . one can view an 
isometry 7 G V as a matrix: 

A B C \ 

D E F \ (52) 
G H K J 

with A, B, D, E in End(Z 2 ), C, Fin Hom(A, Z 2 ), G, H in Hom(Z 2 , A) and K € 0(A). The conditions required 
for the entries of <|52() to determine an actual isometry of L can be written explicitly and, they lead one to 
the following conclusion: 

Proposition 5.5. A parabolic isometry 7 e P is given by a matrix: 

m \ 

R m -Qf (53) 
Gf"m Of] 

with entries as follows. 

1. m e GL(2, Z) and fh represents {m t )~ x . 

2. Q e Hom(A, Z 2 ), R e End(Z 2 ) and they satisfy: 

R t m + m t R + m t QQ t m = Q. (54) 

3. f is an isometry of A. 

A matrix as above corresponds to an isometry in P+ if and only ifm is an element o/SL(2, Z). 

The upper-script "t" refers to the adjoint of the homomorphism in question with respect to the pairings 
existing on its domain and target space. 

For simplicity, we shall refer to the isometry given by the matrix <|53() as "f(m, Q, R, f). The composition 
law on P can then be read in this context as: 

7(77ll, Ql, Rl, fl) O 7(7712, Q2,-R 2 , / 2 ) = 7(77717772, Ql+m 1 Q 2 fi 1 , i?l777 2 + 777li?2 + Ql/lQ2 m 2, /l^)- 

In particular, we have: 

7 (m, Q, R, f) = 7(7, Q, rrr l R, I) o 7(771, 0, 0, 1) o 7 (1, 0, 0, /). (55) 

This shows that P + is generated by three special subgroups with familiar-looking structure. 

(a) S = {R = 0, Q = 0, / = idA}. This group is naturally isomorphic to a copy of SL(2, Z). 

(b) W = {777 = I 2 , R = 0, Q = 0}. This group is just the orthogonal group of the lattice A. 

(c) T — {777 = I2, / — idA}. This is, essentially, the Heisenberg group of the lattice A. Note that, imposing 
Q = in T, we obtain a normal subgroup which is no more but the abelian group U(N)z. The quotient 
T/U(N)z is naturally isomorphic to A A and this fact leads to a presentation of T as a semi-direct 
product: 

(AffiA)K U(N) Z . 
By similar considerations, one verifies the following: 

Remark 5.6. The subgroups S,W and T generate the entire P+ . The following features also hold: 

(1) U(N) Z C Z (P+) 

(2) T < P+ 
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(3) [S, W] = {1} 

(4) P+ = T x (S x w). 

Let us then describe the action of P + on f2 + by writing the action for each of the three types of generators. 
We use Narain coordinates to make this description. 

Theorem 5.7. Let [u] be a period line in Q + of Narain coordinates (r, u, z). Consider an integral isometry 7 e P+ 
and denote by (r', u 1 , z') the Narain coordinates of 7 ([lo]). Then: 

(a) If 7 = j(m, 0, 0,1) £ S with m given by the SL(2, Z) matrix: 



a b 
c d 



then: 



ar + b 



u — u, z 



ct + d ct + d 

(b) 1/7 = 7 (7, 0, 0, /) S W Ottt/l / G 0(A) then: 

T = T, U = U, 2 = /(z). 



(56) 



(c) Assume that 7 = j(I,R,Q,I) e 7~. T/ze homomorphism Q e Hom(A,Z) induces two uniquely defined 
c\, C2 S A swc/z t/iaf Q(c) = ((c. ci), (c, c 2 ))for any c S A. Lei 



7? 



r21 ^22 



Then: 



1 ~t ~ . . (ci,ci) (z,ci) (rci+c 2 ,z 2 ) 

T = T, It = U + 7-12 H ^ " h ■ 



2r 2 



Proof. Let us analyze case (a). Note that: 



Z = TCl + C 2 + 2. 



(57) 



d —c 
—b a 



Therefore, the parabolic transformation 7(m, 0, 0, 1) sends the period line: 
to: 

/ 7 A / 7 C ( Z > Z ) 7 a ( Z l ■ 

(ar + b, ct + a) \au + ctu H — , —bu — cltu — 

After the proper normalization, the holomorphic (tube domain) coordinates of (1581) are: 



ar + b . 

T = :, U = U 



CT + d 



c(z,z) 
2(cr + d) ' 



ct + d 



(58) 



We have then two of the conditions required by <|56|) . The only thing missing is the second Narain coordinate 
of (JSHJ. But that value can be derived as: 



=' = »' + ^ 



c(z,z) (z',z' 2 ) 



2(ct + d) 



2r 2 



(z,z 2 ) c(z,z) jz',z' 2 ) 
2r 2 2(cr + d) 2t' 2 



(59) 
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The imaginary parts of the primed terms above are: 



T-2 



\ct + d\- 



22 



CT 2 



\ct + d\- 



Z\ 



and, after introducing these expressions in 1|59|) and carefully removing the canceling terms, we obtain that 
u' = u. Here the subscript 1 refers to the real part of the corresponding term. 

Case (b) is straightforward. For case (c), we follow a strategy similar with the one used to check case (a). 
The parabolic isometry R, Q, I) sends the parabolic line: 



T, 1) 11. —TU 



(z,z) 



CO 



to 



(r, a) r\\T + ri2 + u — (z, ci), r 2 ir + r 22 — tu — 



(z,z) 



- (Z, C 2 ) (Z + TCl + C 2 ) 



(60) 



The tube domain coordinates of the above period line are then: 

T = T, U = TUT + ri2 + U — (z, Cl), Z=Z + TCl+C,2- 

As with the case (a), what remains to be computed is the second Narain coordinate of 1601) . In order to 
evaluate this term, we write: 



v! + 



(z',z' 2 ) 
2t 2 



= rixT + r i2 + u 
Condition l|54|) imposes though that: 



ruT + r u +u - (z,ci) + 
(z,z 2 ) 



(Z + TCl + C 2l Z 2 + T 2 Ci) 



2t 2 



{z,ci) + 
(ci,ci) 



2r 2 

{z + TCi + C 2 ,Z 2 +T 2 C 1 ) 

2r 2 



(61) 



After replacing rn in relation (l6T|l and making the appropriate cancellation, one obtains: 

(ci,ci) {z,ci) (rci + c 2 ,z 2 ) 



u + ri2 + 



2r 2 



which is exactly the middle equality of l|57)l. 



□ 



Let us point out the following feature of the above result. Under parabolic transformations as in cases (a) 
and (b), the Narain coordinate u does not change. In case (c), u is not invariant anymore. However, its 
imaginary part u 2 is. Indeed, it follows from the middle equality of 157|) that: 



u 2 = u 2 



(Z2,ci) (t 2 Ci,3 2 ) 

2 2r 2 



U2- 



Since the three types of parabolic isometries of cases (a),(b), and (c) generate the entire group P + , we obtain 
that: 

Corollary 5.8. The imaginary part m 2 of the second Narain coordinate is left invariant by the action ofP + . 
We note that the above corollary could also be derived from Lemma f4.ll 
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5.3 Proof of (a) and (b) 

From Theorem l5.7l we see that a parabolic transformation 7 6 P+, acting on T + , induces a SL(2, Z) change 
in the first Narain coordinate t while preserving the imaginary part of the second Narain coordinate u. It 
follows that the quantities p(r) and u 2 do not change under P + . The open subset 

V+ = { (t, u, z)en+\u 2 > max (p(r), }. 

is therefore invariant under the action of P + . 

In order to verify (b), recall that the restriction to 0+ of the holomorphic fibration: 

n+(v) ^ u(N) z \n+(v) 

is the projection in the first and last Narain coordinates: 

il + -> HxA c , (t,u,z) h-> (t,z). 

Since the action of the group U(N)z has as effect translations of u by integers, we see that, under the expo- 
nential identification, V + n P _1 (t, z) represents a punctured disc: 

A* (TtZ) = { t e C* I \t\ < e~ 27r ' max (p(-). 2 /v^) }. 

The center of the disc is the compactifying cusp. 

5.4 Proof of (c) 

Let [w] and [a/] be period lines in V + . Assume that 7 e T + has the the property that 7([w]) = [«*;'] . We shall 
prove here that, under these conditions, the isometry 7 must belong to P + . 

Most of the considerations required to check this fact will rely on the following technical argument: 

Lemma 5.9. Let r be an element ofL which does not belong to V- 1 . Denote by a% and a 2 the integers representing 
the intersection numbers (r, y\) and (r, y 2 ), respectively. Then, for any [u] e Q + with (u, y 2 ) = 1, one has: 

1/ \i (r,r)r 2 

> \a 2 r - ai| • u 2 



2\a 2 r - ai| 

where u 2 is the imaginary part of the second Narain coordinate of [w]. 

Proof. Let (ai, 02) (61, b 2 )(c) be the representation of r in the decomposition 138(1 . Then, ai, a 2 are not simul- 
taneously zero and 2ai6i + 2a 2 b 2 + (c, c) = (r, r). 

The period line [u>] belongs to il + and hence, it is given by a set of holomorphic (tube domain) coordi- 
nates (r, u, z). For the sake of simplicity in the following computations, we shall denote (u>, r) by A. We 
have: 

A = b\T + b 2 + a\u — a 2 ru — 2"( z > Z ^ Z ^ 

b 1 T + b 2 ~f(z,z) + (c 1 z)-A 

u = . (62) 

a 2 T — a\ 



and therefore, 



The Narain coordinate u is given by: 

u = u H 

2r 2 

and hence its imaginary part can be obtained as: 



(z 2l z 2 ) 2t 2 u 2 + (z 2 ,z 2 ) . . 

U2 = u 2 + ^— = . (63) 
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But, from (I62L one computes: 



« 2 



lm{[b 1 T + b 2 - ^(z,z) + (c,z) - A] [a 2 T - a x \} 



\a 2 r - a x \ 2 

The numerator of the right-hand side of lj64|) has the following form: 

Num = bm + b 2 - —{z\,zi) + — (z 2l z 2 ) + (c, z x ) - A x 



-a 2 r 2 \ 



+ [b X T 2 - a 2 (z x ,z 2 ) + (c, z 2 ) - A 2 ] [a 2 ri - a{\ = 

n 7 i a 2 T 2 / s a 2 r 2 / \ 

= -[OiOi + b 2 a 2 \T 2 H —{zi,zi) —(z 2 ,z 2 ) - 

a 2 [a 2 Ti - ai](zi, z 2 ) - a 2 r 2 (c, Zi) + [a 2 n - Oi](c, z 2 )+ 
+Aia 2 r 2 - A 2 a 2 ri + A 2 ai. 



Then: 



«2 



2r 2 (Num) + |a 2 r - ai| 2 (z 2 , Z 2 ) 



2r 2 |a 2 r - ax| 2 

and one obtains the numerator of the right side fraction of 165|) as: 

—2[bia x + b 2 a 2 ]r 2 + a\r 2 {zi,zi) - a 2 T 2 {z 2 , z 2 ) + 

- 2a 2 [a 2 T 1 - ai]r 2 (zi,z 2 ) - 2a 2 r 2 {c, Z\) + 2[a 2 n - Oi]r 2 (c, z 2 ) + 

+ [a 2 Ti -ai] 2 (z 2 ,Z2) + a 2 T 2 2 ( z 2,Z2) + 
+ 2A x a 2 r 2 - 2a 2 T X T 2 + 2A 2 a X T 2 = 
= -2[6iai + b 2 a 2 ]r 2 + a|r|(zi,zi) + [a 2 n - ai] 2 (z 2 ,z 2 ) + 

- 2a 2 [a 2 Ti - ai]r 2 (zi,z 2 ) - 2a 2 T2 (c, zi ) + 2[a 2 Ti - a{\T 2 (c, z 2 ) = 

-[2&ia x + 26 2 a 2 + (c, c)]r| + 
+ ([-a 2 T 2 ]^i + [a 2 ri - a x \z 2 + t 2 c, -[a 2 r 2 ]zi + [a 2 n - ai]z 2 + t 2 c) 
+ 2A x a 2 r 2 - 2A 2 a 2 T\T 2 + 2A 2 a X T 2 . 



Denote 
We have then: 

One obtains therefore: 
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w: = [-a 2 r 2 ]zi + [a 2 ri - a x ]z 2 + r 2 c. 
(r, r)r| + (to, to) + 2A x a 2 r 2 - 2A 2 a 2 r 1 T 2 + 2A 2 a x r 2 



u 2 



(w, w) 



2r 2 \a 2 T - ai| 2 
(r, r)r 2 2A x a 2 T 2 - 2A 2 a 2 T X T 2 + 2A 2 a X T 2 



2r 2 \a 2 T — ai\ 2 2\a 2 r — a\\ 2 2t 2 \cl 2 t — a\\ 2 

— {r, r)r 2 Aia 2 r 2 - A 2 a 2 r x + A 2 a x _ 



2\a 2 r — ai\ 2 

-(r, r)r 2 



|a 2 r - ai| z 
Im [^4(a 2 r — ai)] 



2|a 2 r- ai | 2 

Since the pairing (•, •) is negative definite, it follows that: 

-(r,r)r 2 Im [A(a 2 r - ai)] 



a 2 r — ai 



u 2 < 



2|a 2 r — ai| 



< 



(r, r)r 2 



&2T - ai 



2|a 2 T — ai| 5 



a 2 r - ai 



Multiplying the above line by \a 2 r — a%\ produces the inequality stated in Lemma f5.9l 
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Remark 5.10. Let us remark that, during the course of the above proof, we actually show a slightly stronger result 
than the one stated in Lemma W§\ Namely, from the line just before it follows that: 



Im 



a 2 T — ai 



(r, t)t 2 



2\a 2 T - ai\ 



> u 2 . 



Let us return to the proof of l4.3l (c). Our strategy is as follows. In holomorphic (tube domain) coordinates: 

u = (r,l) (u t -TU-^(z,z) \ (z) 

J = (r',1) (u',-tV -!(*',*')) (z'). 

It would suffice to prove 1431 (c) for the case when 

p(r) = t 2 and p(r') = t 2 , (69) 

as, from the description in Theorem l5.7l one can always find parabolic isometries in S that transform uj and 
oj' to period lines satisfying the above conditions. 

We shall therefore assume that <(69")) holds. We prove then that, under these conditions, if 7 ([a;]) = [a/], 
then 7 -1 (yi) and r y~ 1 {y 2 ) must belong to V. This claim implies 7 _1 G P + which in turn gives 7 € P + . 

Claim 5.11. 7^(2/2) e V. 

Proof. Since 7([w]) = [u>'], one can write that, for some a G C*, 

a ( (r', l)(u', -ru> l -{z>, z')){z') ) = 7 ( (r, l)(u, -Tti - -(*, *))(*) ) • (70) 
The scaling factor a can be determined as follows: 



a 



= (7M)3/2) = (w,7 (j/a)) 



Since 7 is an isometry of L, 7 1 (j/2) is integral primitive and isotropic. In the framework of (1381 ) , one can 
then write: 

7^(2/2) = {ai,a 2 ){bi,b 2 ){c) 

with 2(ai&i + 02^2) + (c, c) = 0. 

Recall then that (lu,lJ) = 2t 2 u 2 + (z 2 , z 2 ) = 2t 2 u 2 . This feature, in connection with (|70(l provides: 

(w,57) |a| 2 (w',ZJ') 2 

T2U2 = — — = 2 = l a ' T2 " 2 - ^ 71 ^ 

Hence: 

T 2«2 = T-jF' V 2 > 

We claim that the above condition implies that a\ and a2 are simultaneously zero. 

Let us assume the contrary and show that a contradiction follows. Lemma [5.9l applied for r = ^ 1 (y 2 ) 
implies that: 

\a\ > \a 2 r — a\\u 2 . 

Therefore, 

r' 2 u' 2 < 1 ^-ja^. (73) 
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But, since the assumption is that a\ and a 2 are not both zero, one has that: 

T2 



\a 2 T - ai\ 2 



Then Q and the fact that [u] G V+ lead to: 

^ < 4^ < i. 

One has then that: 

,11 2 

which clearly contradicts [a/] e V + . 

We have therefore that ai = a 2 = 0. Then, since j~ 1 (y 2 ) is isotropic, we have that (c. c) = which, in 
turn, implies that c = 0. It follows that 7 _1 (y 2 ) £ V. □ 



Next, we complete the final step in the proof of !4.3f c). 

Claim 5.12. 7 _1 (2/i) G V. 

Proof. Claim ETTTl assures us that: 

7 - 1 (y2) = (0,0)(6 1 ,6 2 )(0) 

where b% , b 2 are not simultaneously zero and are relatively prime. Let us then analyze the integral element: 

7~ 1 (2/i) = K,a 2 )(bi,6 2 )(c'). 

If a'j = a! 2 = 0, this fact together with the fact that 7~ 1 (yi) is isotropic implies that d = 0. It follows then 
that 7~ 1 (yi) G V and the proof of Claim l5A2l is done. 

It suffices therefore to check that the assumption that a' x and a' 2 cannot hold. Indeed, we show that by 
assuming such a case, one is led to a contradiction. Since: 

(7~ 1 (yi),7 _1 (2/2)) = (2/1,2/2) = 

we have that : 

a[bi +a' 2 b 2 = 0. (74) 
Relation <j74|) combined with the fact that b\ , b 2 are relatively prime implies then that: 

a'l = qb 2 , a' 2 = —qbi 

for some q G Z, q 7^ 0. 

But then, recalling equation <|70|) of Claim l5All we deduce that: 

(w,7 _1 (y 2 )) b\T + b 2 

This implies: 

r' = q^Llm. (75 ) 

a. 2 r - a x 

At this point, Remark l5.10l applied to r = 7~ 1 (yi) and u> provides the following estimate: 

,,-1/ 



Im 



{w, 7~ 1 (yi)) \ 

a 2 T - a 'l / 



> U 2 . 
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From 1751) , one obtains then: 

r' 2 = \q\ 

But, equation l!72"|) tells us that: 



Irn 



«2 T - «i / 



> \q\-u 2 . (76) 



|6ir + b 

This fact, together with inequality (176*1) provides: 

7-2 



^ = TT^n*- (77) 



> M- (78) 



|6ir 2 +h\ 2 u' 2 

Let us analyze the possibilities that can appear here. If one assumes: 

- < 1 

\biT + b 2 \ 2 ~ 

then inequality i|7g|) implies that 

1 1 

I'l * * < 5 

which contradicts the fact that g is integral and not zero. Therefore, it must be the case that: 

T-2 



\hT + b 2 \ 2 



> 1. 



However, since r 2 = p{r), t 2 represents the maximum imaginary part over the SL(2,Z) orbit of r. The 
above condition can then only hold if b\ = and b 2 = 1. In such a situation, taking into account (17811 and 
(I77L one writes: 

1 < ^ = 

Therefore: 

r 2 > S2 and t 2 > u 2 . 
But the above inequalities contradict the fact that [uj] and [u>'] are in V + , which implies: 

u 2 > T2 and u 2 > t 2 . 

We conclude therefore that the assumption that a' x , a 2 are not simultaneously zero cannot hold. It follows 
that a[ = a' 2 = 0, and, as explained earlier, this implies 7~ 1 (yi) € V. □ 



6 A Consequence of the Large Complex Structure Condition 

In this section we analyze the types of singular fibers (or rather their so-called ADE types) that appear in 
the elliptic fibration of a triple (X, tp, S) satisfying the large complex structure condition. Recall that, if 

U C T\Q 

is one of the two large complex structure domains defined in section |3| there exists a natural holomorphic 
fibration with fibers isomorphic to open punctured discs: 

U -> V (79) 
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whose base space is the appropriate Type II Mumford boundary divisor. We shall prove here that the ADE 
type does not change over the fibers of Q. 

In order to position the above statement on a rigorous footing, let us review a few classical definitions 
and results. For details and explicit proofs we refer the reader to \ Y7\ |3| and |20|. 

Let (X, ip, S) be an elliptic K3 surface with section. As mentioned earlier, in such a context one has a 
decomposition of the Neron-Severi lattice: 

NS(X) =H x ®Wx 

where Wx is the negative-definite sublattice of NS(X) generated by classes associated to algebraic cycles 
orthogonal to both the elliptic fiber and the section. 

Definition 6.1. The sublattice Wx ot ofWx spanned by: 

{reWx\ (r, r) = -2 } 

is called the ADE type of the elliptic fibration with section (X, <p, S). 

The reason for the above terminology is that, the lattice W™ ot has a special decomposition involving the 
classical root lattices A n D n and E n and, this decomposition encodes important information about the 
geometry of the singular fibers of the elliptic pencil ip. In order to explain this feature, denote by S the finite 
set of points v G P 1 for which the corresponding fiber F v/ in the elliptic fibration ip : X — > P 1 , is singular. 
For each »eS one has a formal decomposition into irreducible components: 

fcti-i 

f v = e„, + ^j 9 "j- ( 8 °) 

Here t v > 1 represents the number of irreducible components of F v and 6^0 is the unique irreducible 
component of F v meeting the section S. One denotes then by T v the sublattice in Wx spanned by the 
classes: 

ci(& v ,j), l<j<t v -l. 

The following classical result due to Kodaira [17 \ relates the lattices T v with the geometry of the singular 
fibers. 

Theorem 6.2. If t v > 2 then Q v j is a smooth rational curve for < j < t v — 1. Moreover, one can deduce the 
isomorphism class of the lattice T v from the Kodaira type of the singular fiber F v as follows: 



Type oiF v 


T v 


h,u 


{0} 


h, HI 


A x 


h, iv 


A 2 


In (n>4) 


A n -1 


In 


Dn+i 


IV* 


E 6 


III* 


E 7 


II* 


E 8 



Note at this point that T v C W™ ot . Also, for vi ^ v 2/ the two lattices T Vl and T V2 are orthogonal. This allows 
one to define the direct sum: 

T = ^ T v c W£ ot . (81) 
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Proposition 6.3. T = W^ ot . 

Proof. It suffices to check that any root of Wx also belongs to T. Let r be such a root. Since (r, r) = — 2, by 
the Riemann-Roch theorem, either r or — r represents an effective divisor D on X. Let: 

D = ^ TliDi 

be the formal decomposition of D into irreducible components and denote by F the divisor class of the 
elliptic fiber. Since F ■ D = and F is nef, we deduce that F has vanishing intersection with each of 
the irreducible components Di. It follows that each Di is either equivalent to F, or it is an irreducible 
component of a singular fiber F v for some v £ S. But S ■ D = and, a simple look at the decomposition 
(1501 assures us that A eT„. □ 

We have therefore a decomposition: 

W7' = T v (82) 

in which every term is isomorphic to one of the classical root lattices A n (n > 1), D n (n > 1) or E n (n = 
6, 7, 8). Moreover, since the root lattices are known to be indecomposable, the decomposition (18211 is unique. 
Therefore, by knowing the isomorphism class of W™ ot , one is able to detect, in a lattice-theoretic manner, 
most of the geometric types of singular fiber appearing in the actual elliptic fibration. Of course, this method 
does not distinguish between the Kodaira types I2 and III or between ^3 and IV and also cannot detect the 
appearance of the singular fiber types I\ or II. 

Let us formulate the result suggested at the beginning of the section. As in the construction of section 
|3J we assume a choice of a rank-two primitive isotropic sublattice V C L. The associated Type II Mumford 
boundary component is: 

v{v) = p+\ (u(j\0c\n + 00) . 

The large complex structure domain associated to V 

U C r\o 

fibers holomorphically: 

U V(V) (83) 
with all fibers being isomorphic to punctured complex planes. 

Theorem 6.4. TheADE type lattice W™ ot remains constant over the fibers of 
Proof. It suffices to prove the above statement for the projection: 

V+ -> \J(N) c \n+(V) (84) 

which covers (|83|l . But, as we explained during the ending remarks of section I5TTI in the framework of 
Narain coordinates, l|84j) is just: 

{ (r, u, z)\u 2 > max ( p(r), ) } -> H x A c (85) 



Let then 



V3 

(t,u,z) -> (t,z). 



W ( r °t 2) C L 



be the ADE lattice associated to the period line [lu] £ Q + of Narain coordinates (r, u, z). Theorem 16.41 is 
implied by the following two claims. 
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1. W ( r °°~ z) n V 1 - does not depend on u. 

2. l£u 2 > max (p(r), then W™^, C V x . 

The first claim is almost straightforward. Recall the decomposition (I3B1 and the Narain parametrization of 
Proposition l5.4l An element of L 

r = (a 1 ,a 2 )(b 1 ,b 2 )(c) 
is a root in Wf°°~ x -> if and only if the following two conditions hold. 

(r,r) = 2(a 1 b 1 + a 2 b 2 ) + (c, c) = -2 (86) 



( W ,r) = 6 lT + 6 2 + o 1 (5-^^)+a a f-™+I^^-^)+(c ) «) = 0. (87) 

But V- 1 corresponds to ai = a 2 = 0. Therefore: 

W(t 0< L) n V x = { (0, 0)(6 X) b 2 )(c) | (c, c) = ~2, b lT + b 2 + (c, z) = } 

and clearly it does not depend on u. 

In order to justify the second claim, we show that, under the assumption u 2 > max (p(r), 2/\/3), condi- 
tions <|86() and l|87|) imply that a\ = a 2 = 0. To check this, let us assume that a\ and a 2 are not simultaneously 
zero. Then, if conditions (|86ll and (|87|l are satisfied, lemma I5~^l tells us that: 

U2 < | ^— ja- (88) 

(a) If ai 7^ and a 2 ^ 0, let n = gcd(|ai|, \a 2 \). Inequality implies then 



« 2 < ^ < p(r). 



(b) If ai = and a 2 7^ then J88J) gives: 



(c) If ai 7^ and a 2 = then, from 



W 2 < 1 ,2|-|2 ^ 1 12 - P\ T )- 

02 2 r 2 a 2 2 



~ ^ t 2 p(r) 

u 2 < - — 12 < 1 — ,2 < P(t). 



All three possible cases produce contradictions with the large complex structure assumption u 2 > p(r). □ 

We close this section with a final comment about the above result. We have shown that, if one moves inside 
the moduli space T\f2, from a Type II boundary point and following the fibers of (J83J, the ADE type of 
the elliptic pencils associated to the points encountered stays constant. The fibers of <|83|) are coming from 
nilpotent orbits on fl + and, therefore, they can be continued indefinitely inside T\f2. However, outside 
U they no longer form the fibers of a fibration over the boundary divisor. The images of nilpotent orbits 
corresponding to distinct boundary points may intersect inside the moduli space. 

On each nilpotent orbit, one encounters points where the lattice W™ ot contains roots no longer belong- 
ing to V . At such points, some exceptional singular fibers appear in the corresponding elliptic pencils, 
as the ADE type lattice is no longer generic (within the given nilpotent orbit). These are the points physi- 
cist refer to as points of enhanced gauge symmetry. The reason for this terminology is that, under the 
eight-dimensional F-theory/heterotic string duality, these points correspond on the heterotic side to flat 
G-bundles with reduced structure group. 

In light of this interpretation, Theorem l6.4l states that all enhanced gauge symmetry points lie outside of 
our large complex structure region. 
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